Abstract
INTRODUCTION
Ferromagnetic materials can provide good shielding due to their high magnetic permeabilities; however, the magnetic properties vary with the applied magnetic field and exhibit magnetic saturation at high field levels at which point the shielding performance drops dramatically. Predicting the performance of electrically conductive, ferromagnetic shields under intense pulsed electromagnetic field conditions is complicated because such materials exhibit nonlinear behavior. For example, due to the nonlinear behavior, the results at low field levels cannot be linearly scaled to U.S. Government work not protected by U.S. copyright predict the results at high field levels as can be done with a constant permeability. There is very limited analytical guidance concerning the nonlinear effects that ferromagnetic shields exhibit under intense transient field conditions because the governing partial differential equation is nonlinear. The analysis of such nonlinear problems is complicated by the lack of suitable analytical tools as exists in for the linear equation that arises in the case of a constant permeability. In this study, a simple idealized relative differential magnetic permeability is used to investigate the nonlinear effects of a field dependent permeability, including satnration, on the salient features of an impulse problem. The simple model permits an additional nondimensional formulation for the problem beyond that for a generalized permeability model. The nondimensional formulation reveals how the various nonmagnetic and magnetic problem parameters enter into the solution even though the problem has not been solved. A dimensionless applied pulse parameter and a dimensionless effective permeability are defined that can be used to characterize the peak electric field response. Numerical calculations are used to evaluate selected points for the effective permeability curve corresponding to the differential permeability model. Previously, preliminary numerical results for effective permeability data were presented. In this paper, a simple empirical representation is presented for numerical effective permeability data. The simple representation has only a single free parameter, yet it fits the numerical results to very good accuracy for values of the applied pulse parameter from zero to that for saturation. The relationship summarizes the nonlinearity of the problem and shows bow the nonmagnetic and magnetic problem parameters affect the maximum value of the electric field transient. This nonlinear representation is an improvement over the linear theory using a constant permeability and the limiting nonlinear theory using a step magnetization curve.
DIFFERENTIAL MAGNETIC PERMEABILITY
For ferromagnetic materials, the relationship between the magnetic flux density B and the magnetic field intensity, H, is described by the magnetization curve, B(H). In this paper, it is assumed that B is collinear with H. Hysteresis is neglected, and B(H) is assumed to be a single-valued reversible function of H.
Definition of the Differential Permeability
There are a number of permeability definitions. The quantity of interest here is the field-dependent relative differential magnetic permeability, p,d(H), which is defined as where p0=47I IO-' henryheter is the permeability of free space. As the applied value of H is increased, pd(H) typically starts at some initial value for H=O, increases to some maximum value, and then decreases to unity as the material undergoes saturation.
Differential Permeability Model
A simple idealized relative differential magnetic permeability is used to investigate the nonlinear effects of a field dependent permeability, including saturation. A simple magnetization model that exhibits saturation is is the initial value of the differential permeability
The simple exponential relative differential permeability model given by Eq. 3 contains two independent parameters that can be used to model the relative differential permeability. For example, B, and p" can be specified while Hi is determined by Eq. 4.
It is noted that this model includes saturation; however, it does not exhibit the appropriate limiting behavior for large H. For large H, the above magnetization curve exhibits the limiting behavior B(H)+B, rather than the physical limiting behavior B(H)+B,+poH. Consequently, the relative differential permeability exhibits the limiting behavior hd(H)+O rather than pd(H)+l such that Eq. 6
PROBLEM FORMULATION

General Problem Statement
The general problem considered in this paper is the tmsient electric field induced along the inner surface of a long, thin-walled, cylindrical, electrically conductive, ferromagnetic shield subjected to an axially-directed, unipolar, short duration, surface current pulse along the outer surface. The current pulse leads to a transverse electromagnetic field condition at the outer surface. The problem configuration is shown in Figure 1 . This general problem has practical application to cable shields and conduit shields subjected to short duration surface current pulses. As the fields diffuse into the cylinder wall, a transient electric field is induced along the inner surface of the cylinder.
For a surface current pulse that is of sufficiently short duration, the transient electric field response depends on the charge transported along the surface and is to a large extent independent of the particular time variation of the applied pulse. Such a pulse can be approximated by an impulse surface current, which leads to an impulse electric field response similar to that illustrated in Figure 2 . The maximum value of the impulse response and the time at which the maximum value occurs are of primary interest. 
Planar Approximation
For a thin-walled cylinder, a planar approximation can be used, which simplifies the equation. The cylinder is approximated by a sheet of thickness, d, and conductivity, o, while retaining the cylindrical bounday conditions. For the planar approximation to the thin-walled cylinder problem the magnetic field intensity, H(x,t), is described by the nonlinear partial differential equation subject to the initial condition at t=O
an impulse surface current condition at the outer surface
where Qa is the charge per unit circumference that is transported along the outer surface of the cylinder during the pulse, and a vanishing 1 o diti n at the inner surface %&tj = 8.
Eq. 10
The electric field E(x,t) at the inner surface (x=d) is evaluated from H(x,t) by
Problem with Exponential Permeability
Substituting from Eq. 3 into Eq. 7, the problem for the exponential permeability model becomes the nonlinear partial differential equation
Eq. 12 subject to the initial and boundary conditions given in Eqs. 8-10 above. The electric field is determined from Eq. 1 I.
DIMENSIONLESS PROBLEM FORMULATION
Previously, dimensionless problem formulation was used to deduce fundamental properties ofthe solution [I] , [2] .
Formulation for a General Permeability
In [l], an analytical procedure was developed to characterize the maximum value of the transient electric field response for the problem with a general permeability. It was shown that the maximum value of the electric field transient can be expressed in terms of an effective permeability that depends on an applied pulse parameter that is a fundamental combination of the nonmagnetic problem parameters. The analytical procedure uses mathematical analysis supplemented with numerical calculations to characterize the effective permeability curve that corresponds to a prescribed differential permeability model. For a general pd(H), the maximum value of the electric field transient, k , c a n be expressed in terms of an effective permeability p&)
that depends on an applied pulse parameter
DE--Qo crd2
Eq. 14 that is a fundamental combination of the nonmagnetic problem parameters (the charge per unit circumference, Qo, transported along the cylinder during the applied pulse; the electrical conductivity, U, of the material; and the wall thickness, d, of the cylinder). An analytical procedure was described that uses mathematical analysis supplemented with numerical calculations to evaluate the effective permeability for a prescribed value of the applied pulse parameter. Epc* is calculated for a prescribed set of problem parameters. Then, p is determined from Eq. 14 and p&) is determined from Qo Eq. 15
pu,(j3) 5.922053727 p o r ' d 3 E,,,
This allows the results for one set of problem parameters to he scaled to other problems with the same value of p. A series of calculations is used to characterize the effective permeability curve for a given differential permeability.
Formulation for Exponential Permeability Model
In [2] , the simple exponential model in Eq. 3 was used for the differential permeability. For the exponential model, it was shown that the analytical procedure could be extended significantly. The effective permeability can be expressed in terms of a dimensionless quantity that depends on a dimensionless applied pulse parameter that is a fundamental combination of problem parameters that includes the saturation magnetization, B,, as well as the nonmagnetic problem parameters. The evaluation of the fundamental curve versus the dimensionless applied pulse parameter required numerical calculations. For the simple exponential differential permeability model, the applied pulse parameter is Qo C=*
Eq. 16
that is a fundamental combination of all of the nonmagnetic parameters and the magnetic parameter B,
It was shown that the effective permeability can be expressed as
P E = p r i n E ( < )
Eq. 17
where the quantity Cl&) depends only on the applied pulse parameter, 6. That is, the ratio of p~ to pc depends only on the applied pulse parameter <
Eq. 18
Once C l~( 6 ) has been evaluated, the maximum value of the electric field is given by Qo E,, = 5.922053727 p 0 p , p E (<)a2d3 w . 1 9
In [2], preliminary results of numerical calculations for Q,(Q were presented. More precise calculations are presented here as well as a correlation for OE(<). 
COMPUTATIONAL CONSIDERATIONS
Differential Permeability Representation
For high field levels, there are computational difficulties since the simple differential permeability model essentially vanishes rather than approaching the limiting value of unity. For this reason the differential permeability model that was used in the numerical calculations included the constant term of unity corresponding to the relative permeability of free space. This term is small compared to the initial relative permeability used in the calculations. The relative differential permeability used was p,i = 8999 Eq. 23
Eq. 24
For these values of B, and pti, it follows from Eq. , where A0 is the amplitude factor, the time constant t , is associated with the rise time, and the time constant and tf is associated with the fall time of the applied pulse ( t & The peak of the applied pulse occurs at time
Eq. 21
The charge per unit circumference that is transported along the outer surface during the applied pulse is Eq. 28
Q, = A , ( t f -t , ) C l m
For the calculations considered here, t , = 5.11685576220899041~IO~'~s Eq.31
The applied pulse duration was selected to be much smaller than the time for the maximum electric field.
Finite Difference Parameters
Spatial lncremenfs
For all of the calculations, the shield was divided into 200 spatial intervals such that
Time lncremenfs
For computational purposes, the time domain was divided into three sectors. The first time sector was from t=O to the peak of the applied pulse ( 05KtJ for which the time increment was At, = 2.5558427881 10449520 x 10-'8sEq.33
The second time sector was from the peak of the applied pulse to 100 time constants for the fall time (&<Etf) for which the time increment was At2 = 9.974415721 18895505 x IO-"s Eq.34
The third time sector was from 100% onward (PlOOt,) for which two values At3 were used for &>8x 10' . Due to computational difficulties, the results near saturation tend to be somewhat less precise than those for low pulse levels.
NUMERICAL RESULTS
As indicated above, a series of calculations is used to cbaracterize the effective permeability curve for the differential permeability model. First, the transient electric field response is calculated for selected values for the amplitude of the applied pulse, &, and the maximum value of the electric field, EN is determined. Then the applied pulse parameter < and the effective permeability pE are evaluated.
Peak Electric Field Results
The 
Effective Permeability for Epsak
For each value of the applied pulse amplitude Ao, the applied pulse parameter, C, , was evaluated using
Eq. 38
Then, the effective permeability pB for E, * was evaluated using A,(f* -4 p,(<) = 5.922053727 ~~c~d~E Eq. 39
The results are shown in Figure 4 . The calculated result for the initial value was p,(O) E 9000.62949653806
Eq. 4o
which is in good agreement with the expected result of 9000. The onset of saturation can be seen near <=1/2. Above <=1/2, the effective permeability approaches unity. 
Estimation of nE( 6) for Epaak
For each value of pE(<) the value of n&) was estimated and the maximum electric field would be given by
CONCLUSIONS
For the simple exponential permeability model given by Eq.3, it was found empirically that to a very good approximation the effective Permeability for the maximum electric field for the impulse problem can be represented over the magnetically active range 0<<<1/2 by the simple correlation given by Eq. 43.
